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Impurity in a LL Wire

❖ Luttinger liquid wire

❖ Single impurity

❖ Theory: Kane-Fisher

❖ T=0 conductance

❖ g>1   attractive — always 
conducts

❖ g=1   noninteracting 

❖ g<1   repulsive — always breaks

!2 Kane & Fisher PRL 68 1220 (1992)
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FIG. 1. Schematic How diagram for 1D interacting electrons
with one link weakened by fraction t. Here 6 is the conduc-
tance across the weak link. Perfect reflection is found for repul-
sive interactions, g & l, and perfect transmission for attractive
interactions, g ) 1. Noninteracting electrons, g = I, are mar-
ginal ~

zeroth-order problem (t =0) consists of two semi-infinite
lines, which can be described by the Lagrangian (3) with
the x integration restricted to positive or negative x, re-
spectively. It is again convenient to perform a partial
trace (in the p representation), integrating out p(x) for
all x away from the weakened link. We will then obtain
an elfective action in terms of the phases p+ (r ) on each
side of the link. If we further define P =(P~ —p )/2 and
4=(p++p )/2, we may integrate out 4(r) and obtain
the following effective action in terms of the phase
difference across the junction:

s„,=g„ I ~ I I y(~) I
-'. (8)

Note that this expression is precisely the dual of (6).
Again, we may express the perturbation t in terms of y,
and the most relevant operator is

SS—t cos[2Jap],4 z
(9)

I—t ' (I —e -t")P(V), - (IO)

where the Fourier transform of P(V), denoted P(t),

which corresponds to hopping an electron across the weak
link. In this case the leading-order RG flows for small t
are 8t/t)l=(1 —g ')t, which is shown in Fig. 1. Thus,
once again g =1 is marginal, but now the perturbation is
irrelevant for g & 1. For repulsively interacting electrons
with g & 1, an initially weak hopping scales to zero at low
energies. As shown below, this corresponds to an insulat-
ing link with strictly zero linear conductance.
This can be seen by deriving an expression for the non-

linear current-voltage characteristics as a perturbation
expansion in powers of t. Upon applying a voltage V
across the weak link by adding a vector potential into the
argument of the cosine in (9), we can obtain an expres-
sion for the current response to second order in t:

satisfies
t fF

InP(t) = dry(2/tag) [coth(Pco/2)( —1+cosset)
—i sintot],

where EF is the Fermi energy. This result is similar (but
not identical) to that obtained by Devoret et al. [5] who
studied the elfects of a series resistor (modeled a la Cal-
deira and Leggett [14]) on a tunnel junction. The boson-
ic excitations of the Luttinger-liquid leads described by
(3) are an explicit physical realization of the Caldeira-
Leggett oscillators. In the expression derived by Devoret
et al. , though, when the series lead resistance is set to
zero, an Ohmic I-V curve follows. In contrast, as we see
below, (10) and (11)only give an Ohmic I Vcurv-e when
the electrons in the ID leads are not interacting (g= I),
so that the series lead resistance is h/e
Evaluating (10) and (11) at T=0 gives a power-law

I - V curve: I—t -V- ~ . For noninteracting fermions
(g = I ) this gives the expected Ohmic conductance,
whereas the expansion breaks down as V—0 for g & l.
For g & 1, though, a truly insulating link with strictly
zero linear conductance is found. At T~O the linear con-
ductance vanishes as a power law for g & 1:

(12)

An approximate interpolation formula when both T and
V are nonzero is I—t [Im(T+i V) ~ ]. Notice that G
in (12) is not proportional to the square of the tunneling
DOS: p(e=T) —T~+'t~ . This is because the rele-
vant DOS for the conductance is that for tunneling into
the end of a semi-infinite Luttinger liquid, which varies as
p„.„d(e)-c' ~ '. Note that for all gal, p,.„d(e) varies
with a diferent power than the bulk DOS p(c).
For the lattice electron model with one weak link, it is

of course possible to calculate the two-terminal conduc-
tance for the noninteracting case (g= I ) for all t One.
finds G =(e-/h)4t /(I+t ). Thus, in the RG sense, the
line g= I corresponds to a "fixed line" (see Fig. I). In
view of this soluble case, it seems extremely plausible
[15] that for g&1 one can join together the RG IIows be-
tween the two perturbative regimes (I —t and small t).
This would imply that 6=0 for all t&l when g & 1,
whereas G =ge /h for all nonzero t when g & 1.
Real experiments will be complicated by the fact that

any one-channel wire must eventually open up into wide
leads, where presumably Fermi-liquid theory is applic-
able. This defines a length scale L or a time scale L/it,
which will cut off' the infrared divergences associated with
the Luttinger liquid. To study this we consider an ideal-
ized model of an infinite one-channel wire with electron
interactions present only in the "sample" with lxl & L,
but absent in the (Fermi-liquid) "leads, " lxl & L. In the
absence of the weak link, which we will take to be placed
in the middle of the sample at x =0, the appropriate La-
grangian is given by (3), but with g depending on x, be-
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Impurity in a quantum wire
❖ Noninteracting —> Exact solvable
❖ Small bias —> static DMRG
❖ NonEQ: Experiment quantum simulator for LL wire 

+ impurity
❖ Can do finite current
❖ Tunable interactions
❖ Little corresponding theory/numerics

❖ Can we improve with Infinite Boundary Conditions?
❖ Measure finite-bias conductance
❖ Improve stability

❖ Important for nano electronic devices

!3

Anthore et al. PRX 8 031075 (2018)

an adjustable number of ballistic electronic channels
n ∈ f1; 2; 3; 4g, thereby realizing a linear series resistance
R ¼ h=ne2 that corresponds to the Luttinger interaction
parameter K ¼ n=ðnþ 1Þ. Note that a metallic resistance
deposited at the surface as in Ref. [20] can implement any
K < 1. A central metallic island, in essentially perfect
electrical contact with the 105-nm-deep 2DEG (see
Appendix A), completely breaks the quantum coherence
of individual electrons propagating between the QPC and
the resistance. This metallic island ascertains that QPC and
resistance constitute distinct circuit elements that are not

merged together by the nonlocal electronic wave functions.
The spin degeneracy is lifted by a perpendicular magnetic
field B ¼ 2.7 T, corresponding to the quantum-Hall regime
at filling factor 3. All relevant circuits parameters are
separately characterized: the series resistance R ¼ h=ne2,
the island geometrical capacitanceC ≃ 3.1 fF that results in
the TLL high-energy cutoff h=RC (obtained from Coulomb
diamond measurements), and the QPC bare transmission
probability τ (obtained by suppressing the TLL or Coulomb
renormalization with a large dc voltage V ∈ ½45; 60& μV).
Finally, the experiment relies on a notably precise and
reliable determination of the in situ electronic temperature
T down to 7.7 mK, at a few-percent accuracy level through
shot-noise measurements [42].
Figure 1(b) directly illustrates with R ¼ h=e2 (K ¼ 1=2)

the occurrence of a quantum phase transition between
metallic and insulating states at the ballistic critical point
τ ¼ 1. The zero-bias conductance G across the device is
shown versus electronic channel tuning τ for different
temperatures T. At τ¼1, G¼1=ðh=e2þRÞ¼Ke2=h does
not depend on T, which signals a metallic state. In
contrast, any minute backscattering (τ < 1) progressively
drives the device away from the unstable metallic fixed
point, toward the insulating low-temperature stable fixed
point G ¼ 0 (see Fig. 5 in Appendix A for other settings
of R and for similar behaviors while varying V instead of
T). These data therefore corroborate the T ¼ 0 quantum
phase transition expected for K < 1 between an insulat-
ing state at τ < 1 and a conductor at τ ¼ 1 (see also the
related observations with a resonant level impurity in
Refs. [21,43]).
We now provide a more detailed description of the model

of our device. The electronic states transmitted across a
single-channel contact can generally be written in terms
of adiabatic wave functions having essentially a 1D form.
This form is even more natural in the present integer
quantum-Hall regime, where spin-polarized electrons
propagate along the edges. One further simplification in
our system results from the small Coulomb charging energy
EC ≃ 0.3 × kB K, 2–3 orders of magnitude smaller than the
Fermi and cyclotron energies. Since TLL physics develops
only below the characteristic energy 2n × EC ¼ h=RC, the
spectra of electronic excitations can therefore be linearized
with an excellent accuracy, and the unperturbed conduction
channel (ballistic limit of the QPC) reads

H0 ¼ iℏvF

Z
dxðψþ

þ∂xψþ − ψþ
−∂xψ−Þ; ð1Þ

with ψþð−Þ the annihilation operator for the electrons
moving toward (away from) the island and vF the Fermi
velocity. In series with the channel, we engineer a linear
impedance ZðωÞ ¼ R=ð1þ iωRCÞ at R ¼ h=ne2, formed
by the n “environmental” ballistic edge channels and the
geometrical capacitance of the island. It can be represented
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FIG. 1. TLL quantum simulator and quantum phase transition
between metallic and insulating states. (a) The device’s schematic
circuit (left) and colorized e-beam micrograph (right). A QPC
set to a single electronic channel of bare transmission probability
τ is formed in a 2DEG with the split gates colored yellow.
The gates colored in green control the series resistance R and,
thereby, the Luttinger interaction parameter K ¼ 1=ð1þ Re2=hÞ.
A bright metallic island on top of Y-shaped trenches separates the
electronic channel and resistance. (b) Colored continuous lines
display the device’s conductance G ¼ dI=dV measured at zero
bias (V ¼ 0) for different temperatures T in the presence of a
series resistance adjusted to R ¼ h=e2 (K ¼ 1=2). The data are
plotted versus bare (unrenormalized) τ, which is determined
from GðV¼60 μV;T¼7.9mKÞ¼ðh=τe2þRÞ−1 (black dashed
line). The conductance vanishes upon cooling, except at the
ballistic quantum-critical point τ ¼ 1.

CIRCUIT QUANTUM SIMULATION OF A TOMONAGA- … PHYS. REV. X 8, 031075 (2018)

031075-3

an adjustable number of ballistic electronic channels
n ∈ f1; 2; 3; 4g, thereby realizing a linear series resistance
R ¼ h=ne2 that corresponds to the Luttinger interaction
parameter K ¼ n=ðnþ 1Þ. Note that a metallic resistance
deposited at the surface as in Ref. [20] can implement any
K < 1. A central metallic island, in essentially perfect
electrical contact with the 105-nm-deep 2DEG (see
Appendix A), completely breaks the quantum coherence
of individual electrons propagating between the QPC and
the resistance. This metallic island ascertains that QPC and
resistance constitute distinct circuit elements that are not

merged together by the nonlocal electronic wave functions.
The spin degeneracy is lifted by a perpendicular magnetic
field B ¼ 2.7 T, corresponding to the quantum-Hall regime
at filling factor 3. All relevant circuits parameters are
separately characterized: the series resistance R ¼ h=ne2,
the island geometrical capacitanceC ≃ 3.1 fF that results in
the TLL high-energy cutoff h=RC (obtained from Coulomb
diamond measurements), and the QPC bare transmission
probability τ (obtained by suppressing the TLL or Coulomb
renormalization with a large dc voltage V ∈ ½45; 60& μV).
Finally, the experiment relies on a notably precise and
reliable determination of the in situ electronic temperature
T down to 7.7 mK, at a few-percent accuracy level through
shot-noise measurements [42].
Figure 1(b) directly illustrates with R ¼ h=e2 (K ¼ 1=2)

the occurrence of a quantum phase transition between
metallic and insulating states at the ballistic critical point
τ ¼ 1. The zero-bias conductance G across the device is
shown versus electronic channel tuning τ for different
temperatures T. At τ¼1, G¼1=ðh=e2þRÞ¼Ke2=h does
not depend on T, which signals a metallic state. In
contrast, any minute backscattering (τ < 1) progressively
drives the device away from the unstable metallic fixed
point, toward the insulating low-temperature stable fixed
point G ¼ 0 (see Fig. 5 in Appendix A for other settings
of R and for similar behaviors while varying V instead of
T). These data therefore corroborate the T ¼ 0 quantum
phase transition expected for K < 1 between an insulat-
ing state at τ < 1 and a conductor at τ ¼ 1 (see also the
related observations with a resonant level impurity in
Refs. [21,43]).
We now provide a more detailed description of the model

of our device. The electronic states transmitted across a
single-channel contact can generally be written in terms
of adiabatic wave functions having essentially a 1D form.
This form is even more natural in the present integer
quantum-Hall regime, where spin-polarized electrons
propagate along the edges. One further simplification in
our system results from the small Coulomb charging energy
EC ≃ 0.3 × kB K, 2–3 orders of magnitude smaller than the
Fermi and cyclotron energies. Since TLL physics develops
only below the characteristic energy 2n × EC ¼ h=RC, the
spectra of electronic excitations can therefore be linearized
with an excellent accuracy, and the unperturbed conduction
channel (ballistic limit of the QPC) reads

H0 ¼ iℏvF

Z
dxðψþ

þ∂xψþ − ψþ
−∂xψ−Þ; ð1Þ

with ψþð−Þ the annihilation operator for the electrons
moving toward (away from) the island and vF the Fermi
velocity. In series with the channel, we engineer a linear
impedance ZðωÞ ¼ R=ð1þ iωRCÞ at R ¼ h=ne2, formed
by the n “environmental” ballistic edge channels and the
geometrical capacitance of the island. It can be represented

1 µm

(b)

(a)

R

V

0.0

C

I

R=h/e2

0.2 0.4 0.6 0.8 1.0

G
(e

2 /
h )

0.0

0.5

100
75
55
40
28
17.6
14.9
12.1
9.4
7.9

T (mK):

T
(h/ e2+R)-1

FIG. 1. TLL quantum simulator and quantum phase transition
between metallic and insulating states. (a) The device’s schematic
circuit (left) and colorized e-beam micrograph (right). A QPC
set to a single electronic channel of bare transmission probability
τ is formed in a 2DEG with the split gates colored yellow.
The gates colored in green control the series resistance R and,
thereby, the Luttinger interaction parameter K ¼ 1=ð1þ Re2=hÞ.
A bright metallic island on top of Y-shaped trenches separates the
electronic channel and resistance. (b) Colored continuous lines
display the device’s conductance G ¼ dI=dV measured at zero
bias (V ¼ 0) for different temperatures T in the presence of a
series resistance adjusted to R ¼ h=e2 (K ¼ 1=2). The data are
plotted versus bare (unrenormalized) τ, which is determined
from GðV¼60 μV;T¼7.9mKÞ¼ðh=τe2þRÞ−1 (black dashed
line). The conductance vanishes upon cooling, except at the
ballistic quantum-critical point τ ¼ 1.

CIRCUIT QUANTUM SIMULATION OF A TOMONAGA- … PHYS. REV. X 8, 031075 (2018)

031075-3

mailto:iaizzi@bu.edu


Adam Iaizzi - iaizzi@bu.edu

Defining the problem
❖ Start with wires
❖ Impurity
❖ Jordan-Wigner 

Transformation
❖ Spinless fermions  

—> S=1/2 XXZ 
❖ t —> Jx

❖ V —> Jz

❖ μ —> h 

!4
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X
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❖ For now:

❖ NI leads Jz=0

❖ NI impurity

Spinless fermions:

H′�− ∑
i

[Jz(Sz
i Sz

i + 1) +
Jx

2 (S+
i S−

i+1 + S−
i S+

i+1)]
Spin chain:
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Finite-Size DMRG
❖ Time-dependent DMRG
❖ Measure finite current
❖ Open boundaries
❖ Conservation laws
❖ Finite-size effects—ringing
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at the conceptual level. Other limitations of the present tech-
nique is that energy dissipation is not incorporated, and the
temperature is restricted to be zero. Improving on these is-
sues is a task left for the near future.

It is important to remark that there are other numerical
techniques that can also be used to study transport in
strongly correlated nanosystems. One of them is the numeri-
cal renormalization group !NRG", which evolved from Wil-
son’s original RG ideas. This technique is quite accurate, as
exemplified by some recent calculations,26 but it cannot be
used for arbitrary problems. Since our goal is to try to de-
velop a method that can handle the fairly complex models
that will be used in the near future to represent, e.g., small
molecular conductors, this method does not have sufficient
flexibility for our purposes. In cases where NRG works, it
should be the method of choice, but this occurs in a small
subset of problems in the area of transport across correlated
systems. A second approach relies on the static DMRG
method, using a ring geometry and with a current induced by
a flux threading the ring.27 A recently proposed third method
combines linear response Kubo theory with static DMRG,
and the conductance is calculated based on correlation func-
tions in the ground state.29 A fourth method relies on the
Quantum Monte Carlo technique to calculate Green func-
tions and the conductance of impurity models.30 It would be
interesting to find out if the methods of Refs. 27, 29, and 30
can reach a similar accuracy as ours for the case of the one
and two quantum dots. A fifth method is the exact diagonal-
ization !ED" technique followed by a Dyson equation em-
bedding !DE" procedure !ED+DE",31,32 where the interact-
ing region is solved exactly !including some sites of the
leads", and then the rest of the leads are taken into account
via a Dyson self-consistent approach. The method directly
treats bulk systems, contrary to the DMRG technique !which
is necessarily limited to a large but finite chain", it is flexible,
and has led to interesting results for difficult cases, such as
center-of-mass phonons in molecular conductors, and multi-
level systems.33–37 However, the Dyson embedding is some-
what arbitrary and it is difficult to control its accuracy. It is
our intention in the near future to combine the ED+DE

method with the DMRG approach discussed in this paper,
and for the physical problems where these independent tech-
niques give similar results, then the case can be made that a
reliable conclusion has been reached. Thus,ED+DE and the
present method are complementary.

The organization of this paper is as follows. After the
present introduction, in Sec. II, the models are defined and
the technique is very briefly described. Section III contains
the important test of noninteracting electrons !note that al-
though the Coulombic coupling is zero, there are different
hopping amplitudes at different links". Here, the systematic
behavior of the method is discussed in detail. Section IV
deals with the case of a quantum dot, with a nonzero Hub-
bard coupling. The value of U is comparable to the hoppings
to prevent the Kondo cloud from reaching huge sizes that
would render the DMRG method useless !nevertheless, one
“large” U case is studied for completeness to illustrate the
limitations of the method". Section V contains the case of
two dots, which themselves can be coupled into a “singlet”
preventing conduction or loosely coupled having individu-
ally a Kondo effect. The conclusions in Sec. VI briefly sum-
marize our findings.

II. MODEL AND CONDUCTANCE CALCULATION

In general, the systems studied here consist of a relatively
small region where Coulomb interactions are present, weakly
coupled to two noninteracting leads !see Fig. 1". The inter-
acting region can represent one or several quantum dots
!QDs", a single-molecule conductor, or other nanoscopic re-
gions. In fact, the generality of the method presented in this
paper allows for a wide variety of interacting systems.

The leads are modeled as ideal tight-binding chains. As
examples, the focus will be on one QD and two QDs con-
nected in series. The total Hamiltonian of theses systems can
be written in general as

FIG. 3. !Color online" This figure shows the propagation of the
current in the cluster after the bias !V=0.001 is applied at t=0. The
different panels show the current as a function of position x along
the chain, at different times t. The size is L=402 and the dot is at
the site 201. The results were obtained exactly, since the Hubbard
couplings are zero.

FIG. 4. !Color online" DMRG results compared to the exact
results for J!t" /!V obtained using different clusters L and number
of states M, with !V=0.001. !a" L=96, !b" L=64, !c" L=32, and !d"
L=16. Note that for L=96 and 64, M =200 shows good qualitative
agreement and M " 300 even shows good quantitative agreement
with the exact results. For L=32 and 16, M =200 and 100 already
show excellent quantitative agreement with the exact results.

ADAPTIVE TIME-DEPENDENT DENSITY-MATRIX¼ PHYSICAL REVIEW B 73, 195304 !2006"
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Damped BC

❖ Add “Wilson Chains” w/
exponentially decaying 
couplings

❖ ‘Soft’ boundary
❖ Steady-state plateaus are 

longer 
❖ Can we do better?

❖ Infinite boundary conditions
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sal, which is a consequence of the reduced velocity in the
leads when !"1. Both points are related to the exponential
decrease in the chain hoppings, which—in Wilson’s
scheme—can be traced back to a representation of the con-
tinuum of states directly connected to the quantum dot.

Point !ii" is important for the following reason: in reso-
nant transport, the typical time scale for reaching the steady
state is inversely proportional to the width of the
resonance.15,21 The typical time scale associated with the de-
velopment of the perfect conductance plateaus associated
with the Kondo state is thus #K#$ /TK.17,48 It is then crucial
that the current does not reverse sign before times of order #K
have been reached.

As explained in Sec. III, for !=1 the plateaus last over
time intervals #st%N and a compromise must be obtained
between TK and N such that the condition #st& #K is fulfilled.
For !"1, this condition can be met by increasing ! !instead
of N", since #st increases with !, as discussed in Sec. III.
Constant currents corresponding to perfect conductance can,
in principle, be reached for ! values large enough so that
#st!!""#K. In this sense, this requirement marks the regime
for which the steady state of this problem can be numerically
simulated.

Once the condition #st!!""#K is fulfilled, one still needs
to run the tDMRG algorithm over time scales of order #K to
obtain the Kondo plateau. Thus, for higher values of U /'
!i.e., higher #K", calculations over longer time scales are nec-
essary in order to reach nearly perfect conductance plateaus
in J!#".15 This is, due to the entanglement growth in a global
quench,53,54 the true limitation of the method for Kondo
problems. Fortunately, the entanglement growth turns out to
be softer at large values of U /' !see Appendix B", enabling
us to observe G$G0 for up to U /'%7 and relatively short
!N=32" chains.

This argument is further supported by quantitative esti-
mates for #K obtained with NRG !inset in Fig. 6". We per-
formed NRG calculations for the Anderson model and ex-
tracted the Kondo temperature !and thus #K" from the
magnetic-susceptibility curves for different values of U /'.55

For the parameters in Fig. 6, we obtain #K( #st in the regime
where nearly perfect conductance is seen in the tDMRG
curves !#K&16 for U /'=3.125 and #K&55 for U /'=5 in
units of $ / t0".56 For higher values of U /', #K becomes ex-
ponentially large. In particular, for U /'%7, #K calculated
from NRG becomes of the order of the maximum time scales
used in our tDMRG simulations. This explains the noticeable
deviation of G from the Kondo value for U /'"7.

In short, the tDMRG results obtained with !"1 consti-
tute a considerable improvement over the !=1 case, as
shown in Fig. 6 for N=32. This plot illustrates the range of
parameters for which the Kondo regime is accessible with
tDMRG and !"1, as well as the typical system sizes.

VI. FINITE BIAS

In this section, we address the case of a current through a
quantum dot in the Kondo regime driven by a finite bias.
Although a comprehensive theoretical understanding of this
nonequilibrium regime is yet to be achieved, one commonly

expects the applied bias )V to disrupt the Kondo state for
bias voltages larger than TK while Kondo-type properties are
only marginally affected for )V* TK.25,29–31 We investigate
the transport properties of the system in these two regimes.
In the following, we fix the parameters to U /'=3.125 at the
particle-hole symmetric point !Vg=−U /2" for which we have
independently determined TK from NRG calculations56 !see
the inset in Fig. 6".

Qualitatively, we expect the linear regime !i.e., nearly per-
fect conductance" to extend up to biases )V%TK. The cur-
rent versus bias curve should then smoothly drop to zero at
larger biases. We argue that, in the spirit of Secs. III–V, in the
regime )V( TK, the finite-bias regime should best be ex-
plored with logarithmically discretized leads for which the
Kondo state is better described.

By contrast, in the opposite limit of )V+ TK, the scan in
bias will need the high-energy features !such as the band
curvature in the leads" to be well resolved as the contribution
to the current from states with energies within the Fermi
levels in the left and the right leads becomes important.
Therefore, at )V+ TK, the best approach is to use !=1 in
the tDMRG calculations and subsequently perform a finite-
size scaling analysis of the average currents.

Our results are illustrated in Fig. 7. Figure 7!a" shows the
current versus time for different bias values and !=1, N
=72 and !=2, and N=32. As a general feature, the average
current 'J(# increases with the bias )V in all cases, also seen
in Fig. 7!b". Moreover, it is evident that for the values of )V
depicted in Fig. 7!a", runs with either !=1 or !=2 give a
qualitatively similar behavior.

A more quantitative analysis of the 'J(#!)V" curves ob-
tained from the tDMRG data is presented in Figs. 7!b" and
7!c". Deviations from perfect conductance !'J(#=G0)V" are
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FIG. 7. !Color online" !a" Current J!#" versus time for )V
=0.1,0.2,0.3 and !=1 !N=72" and !=2 !N=32". !b" Average cur-
rent 'J(# and conductance d'J(# /d!)V" as a function of bias. The
dashed line is 'J(#=G0)V. !c" Differential conductance for !=1
!N=72" and !=2 !N=32". The dotted line represents an interpola-
tion between the low-bias regime !better described by !=2" and the
high-bias one !better described by !=1".

DIAS DA SILVA et al. PHYSICAL REVIEW B 78, 195317 !2008"

195317-6
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Infinite Boundary Conditions

❖ Procedure:
❖ Do iDMRG for bulk wires
❖ Obtain bulk MPO and MPS
❖ Sandwich a finite chain 

between fixed bulk tensors
❖ Do finite-size DMRG

!7 Phien, Vidal, & McCulloch, PRB 86 245107 (2012)
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Background

!8

❖ Source and Drain from IBC
❖ Allow conservation law violations
❖ Open system

❖ Find GS of finite-size system
❖ T=0, turn on field (ΔV —> Δμ —> Δh)
❖ Time evolve with TEBD

Source
V=+ΔV/2

Drain
V=-ΔV/2

Impurity

Quantum wire Quantum wire
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Charge density

!9
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Step function charge density L=60, BD=20, IBC
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Next steps

❖ Mitigate reflections at boundaries

❖ Better understand IBC as reservoir

❖ Add interacting impurity/QD

❖ Make wires interacting

❖ More impurities or more complex impurities

!11
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email: iaizzi@bu.edu
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Get started with uni10
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Plug: 
Postdocs 

graduate students  

Join FECS! 
A new APS unit for early career scientists 

(talk to me after)
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